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CONSTRUCTIONS OF ROUND FOLD MAPS ON C∞ BUNDLES
NAOKI KITAZAWA
Abstract. In this paper, we construct round fold maps or stable fold maps
with concentric singular value sets introduced by the author [10] on C∞ bun-
dles over spheres or bundles over more general manifolds. The class of round
fold maps includes special generic maps on spheres (see [20] for example) and
such maps have been constructed on C∞ bundles over standard spheres of
dimensions larger than 1 and connected sums of C∞ bundles over standard
spheres of dimensions larger than 1 whose fibers are standard spheres, for ex-
ample, in previous studies by the author ([12], [13]). In this paper, we obtain
round fold maps and the diffeomorphism types of their source manifolds which
do not appear in these studies in new manners.
1. Introduction
Fold maps are important in generalizing the theory of Morse functions. Studies
of such maps were started by Whitney ([26]) and Thom ([24]) in the 1950’s. A fold
map is a C∞ map whose singular points are of the form
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m−i∑
k=n
xk
2 −
m∑
k=m−i+1
xk
2)
for two positive integers m ≥ n and an integer 0 ≤ i ≤ m−n+1. A Morse function
is a fold map of course. For a fold map from a closed C∞ manifold of dimension m
into a C∞ manifold of dimension n (without boundary), the followings hold where
m ≥ n ≥ 1.
(1) The singular set, or the set of all the singular points, is a closed C∞ sub-
manifold of dimension (n− 1) of the source manifold.
(2) The restriction map to the singular set is a C∞ immersion of codimension
1.
We also note that if the restriction map to the singular set is a immersion with
normal crossings, then it is stable (stable maps are important in the theory of
global singularity; see [6] for example). In [10], such a fold map is defined as a
stable fold map.
Since around the 1990’s, fold maps with additional conditions have been actively
studied. For example, in [1], [5], [20], [21] and [23], special generic maps, which are
fold maps whose singular points are of the form
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m∑
k=n
xk
2)
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for two positive integers m ≥ n, were studied. In [23], Sakuma studied simple
fold maps, which are fold maps such that fibers of singular values do not have
any connected component with more than one singular points (see also [19]). For
example, special generic maps are simple. In [14], Kobayashi and Saeki investigated
topology of stable maps including fold maps which are stable into the plane. In [22],
Saeki and Suzuoka found good properties of manifolds admitting stable maps whose
regular fibers, or fibers of regular values, are disjoint unions of spheres.
Later, in [10], round fold maps, which will be mainly studied in this paper, were
introduced. A round fold map is a fold map satisfying the followings.
(1) The singular set is a disjoint union of standard spheres.
(2) The restriction map to the singular set is a C∞ embedding.
(3) The singular value set is a disjoint union of spheres embedded concentrically.
Fold maps satisfying the definition of a round fold map have appeared in previous
studies as the followings.
• A lot of special generic maps on homotopy spheres. (See also [20])
• Fold maps represented as FIGURE 7 of [14] and Figure 8 of [22].
(Algebraic) topological properties of some round fold maps were studied in Theorem
1, Theorem 2 (homology groups of manifolds) and Theorem 3 (homotopy groups
of manifolds) in [10].
Now, how about the homeomorphism and diffeomorphism types of the source man-
ifolds? As answers, some examples of round fold maps and the diffeomorphism
types of their source manifolds are given by the author in [9], [12] and [13]. For
example, we have obtained round fold maps on C∞ bundles over standard spheres
of dimensions larger than 1 and manifolds represented as connected sums of C∞
bundles over standard spheres of dimensions larger than 1 with fibers C∞ diffemor-
phic to standard spheres and spheres whose dimensions are positive. In this paper,
as new answers to the question, we construct round fold maps of new types on
closed C∞ manifolds having the structures of C∞ bundles over (exotic) spheres or
bundles over more general manifolds.
This paper is organized as the following.
Section 2 is for preliminaries. We recall fold maps and introduce stable fold maps.
We also recall special generic maps and simple fold maps. Finally we review the
Reeb space of a smooth map, which is the space consisting of all the connected
components of all the fibers of the smooth map.
In section 3, we recall round fold maps and some terminologies on round fold maps
such as axes, proper cores. We also recall a topologically trivial (C∞ trivial) round
fold map. We introduce results on the diffeomorphism types of manifolds admitting
topologically or C∞ trivial round fold maps shown by the author in [9], [12] and
[13] (Proposition 4 and Proposition 5).
In section 4, we give some new examples of round fold maps with the diffeomor-
phism types of their source manifolds. Before constructions, we introduce a locally
C∞ trivial round fold map as a map satisfying a kind of triviality around the con-
nected components of the singular value set. Here, a C∞ trivial round fold map
satisfies the definition of a locally C∞ trivial round fold map. Then, for example,
we construct round fold maps on closed C∞ manifolds having the structures of
trivial C∞ bundles over manifolds admitting locally C∞ trivial round fold maps
(Proposition 7) and closed C∞ manifolds having the structures of C∞ bundles over
(exotic) spheres (Theorem 1 and Theorem 2).
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In section 5, we define P-operations. P-operations are defined as generalizations of
operations used to construct new round fold maps on manifolds having the struc-
tures of C∞ bundles over spheres in the previous section. We apply these operations
to construct families of new round fold maps on C∞ S1-bundles over manifolds ad-
mitting locally trivial C∞ round fold maps (Theorem 3, Theorem 4 and Theorem
5).
Throughout this paper, we assume that M is a closed C∞ manifold of dimension
m, that N is a C∞ manifold of dimension n without boundary, that f : M → N
is a C∞ map and that m ≥ n ≥ 1. We denote the singular set of f , or the set
consisting of all the singular points of f , by S(f).
2. Preliminaries
2.1. Fold maps. First, we recall fold maps, which are simplest generalizations of
Morse functions. For precise information, See [6], [15] and [16] and see also [10],
[11] and [12], for example.
Definition 1. For a C∞ map f :M → N , p ∈M is said to be a fold point of f if
at p f has the normal form
f(x1, · · · , xm) := (x1, · · · , xn−1,
m−i∑
k=n
xk
2 −
m∑
k=m−i+1
xk
2)
and if all the singular points of f are fold, then we call f a fold map.
If p ∈ M is a fold point of f , then we can define j := min{i,m − n + 1 − i}
uniquely in the previous definition. We call p a fold point of index j of f . We call
a fold point of index 0 a definite fold point of f and we call f a special generic map
if all the singular points are definite fold. For special generic maps, see [1], [5], [20]
and [23] for example. Let f be a fold map. Then the singular set S(f) and the
set of all the fold points whose indices are i (we denote the set by Fi(f)) are C
∞
(n− 1)-submanifolds of M . The restriction map f |S(f) is a C
∞ immersion.
A Morse function on a closed manifold is a fold map. A Morse function on a closed
manifold which has just two singular points is a special generic map. Conversely, a
Morse function which is a special generic map on a closed and connected manifold
whose dimension is larger than 1 has just two singular points.
In this paper, we sometimes need Morse functions on compact C∞ manifolds pos-
sibly with boundaries. We call a Morse function on such a manifold good if it is
constant and minimal on the boundary, singular points of it are not on the bound-
ary and at any two distinct singular points, the values are distinct.
We introduce stable fold maps.
Definition 2. A fold map f : M → N is said to be a stable fold map if the
restriction f |S(f) is a C
∞ immersion with normal crossings.
Note that a stable fold map on a closed C∞ manifold is also a stable map (for
stable maps, see [6] for example).
Note also that a Morse function on a closed C∞ manifold is a stable fold map if
and only if it is good.
We also introduce simple fibers of fold maps and simple fold maps (see also [19]
and [23] for example).
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Definition 3. For a fold map f and p ∈ f(S(f)) , f−1(p) is said to be simple if
each connected component of f−1(p) includes at most one singular point of f . f is
said to be a simple fold map if for each p ∈ f(S(f)), f−1(p) is simple.
Example 1. (1) A Morse function on a closed manifold is simple if it is good.
(2) A fold map f :M → Rn is simple if f |S(f) is a C
∞ embedding.
(3) Special generic maps are simple.
2.2. Reeb spaces. We review the Reeb space of a map.
Definition 4. Let X , Y be topological spaces. For p1, p2 ∈ X and for a map
c : X → Y , we define as p1∼cp2 if and only if p1 and p2 are in the same connected
component of c−1(p) for some p ∈ Y . ∼c is an equivalence relation.
We denote the quotient space X/∼c by Wc. We call Wc the Reeb space of c.
We denote the induced quotient map from X into Wc by qc. We define c¯ :Wc →
Y so that c = c¯ ◦ qc. Wc is often homeomorphic to a polyhedron.
For example, for a good Morse function, the Reeb space is a graph. For a simple
fold map, the Reeb space is homeomorphic to a polyhedron which is not so complex
(see Proposition 2).
For a special generic map, the Reeb space is homeomorphic to a C∞ manifold. See
section 2 of [20]. See also [1] and [5] for example.
In [14], it is proven that for a stable fold map (or stable map) f :M → R2 (m ≥ 2),
Wf is homeomorphic to a polyhedron. It is known that for a stable map f , the
Reeb space Wf is homeomorphic to a polyhedron. See [8] for example.
The following holds since a stable fold map is stable.
Proposition 1. For a stable fold map f , the Reeb space Wf is homeomorphic to
a polyhedron.
The following Proposition 2 is well-known and we omit the proof. See [14], [19]
and [22] for example. In this paper, we often apply the statements of this proposi-
tion implicitly.
We also note that in this paper, an almost-sphere of dimension k means a C∞ ho-
motopy sphere given by glueing two standard closed discs of dimensions k together
by a C∞ diffeomorphism between the boundaries.
We often use terminologies on (fiber) bundles in this paper (see also [?]). For a
topological space X , an X-bundle is a bundle whose fiber is X . A bundle whose
structure group is G is said to be a trivial bundle if it is equivalent to the product
bundle as a bundle whose structure group is G. Especially, a trivial bundle whose
structure group is a subgroup of the homeomorphism group of the fiber is said to
be a topologically trivial bundle. In this paper, a C∞ (PL) bundle means a bundle
whose fiber is a C∞ (resp. PL) manifold and whose structure group is a subgroup
of the C∞ diffeomorphism group (resp. PL homeomorphism group) of the fiber. A
linear bundle is a C∞ bundle whose fiber is a standard disc or a standard sphere
or Rn(n ≥ 1) and whose structure group is a subgroup of an orthogonal group.
Proposition 2. Let f :M → N be a special generic map or a simple fold map or
a stable fold map. Then Wf has the structure of a polyhedron and the followings
hold.
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(1) Wf − qf (S(f)) is uniquely given the structure of a C∞ manifold such that
qf |M−S(f) : M − S(f) → Wf − qf (S(f)) is a C
∞ submersion. Further-
more, for any compact C∞ submanifold R of dimension n of any con-
nected component of Wf − qf (S(f)), R is a subpolyhedron of Wf and
qf |qf−1(R) : qf
−1(R)→ R gives the structure of a C∞ bundle whose fiber is
a connected C∞ manifold of dimension m− n.
(2) The restriction of qf to the set F0(f) of all the definite fold points, is
injective.
(3) f is simple if and only if qf |S(f) : S(f)→ Wf is injective. Special generic
maps are simple.
(4) If f is simple, then for any connected component C of S(f), qf (C) has a
small regular neighborhood N(qf (C)) in Wf and qf
−1(N(qf (C))) has the
structure of a C∞ bundle over qf (C).
(5) For any connected component C of F0(f), any small regular neighborhood
of qf (C) has the structure of a trivial PL [0, 1]-bundle over qf (C) and
qf (C) corresponds to the 0-section. We can take a small regular neighbor-
hood N(qf (C)) of qf (C) and qf
−1(N(qf (C))) has the structure of a linear
Dm−n+1-bundle over qf (C). More precisely, the bundle structure is given
as the following; for the connected component C′ of ∂N(qf (C)) satisfying
C′
⋂
qf (F0(f)) = ∅, the composition of qf |qf−1(N(qf (C)) : qf
−1(N(qf (C)))→
N(qf (C)) and the projection to qf (C) (the subbundle corresponding to the
0-section) or C′ (the subbundle corresponding to the fiber {1} ⊂ [0, 1]) .
(6) Let f be simple. Let m − n ≥ 1. If m − n = 1, then we also assume that
M is orientable.
Then for any connected component C of the set F1(f) of all the fold points
of indice 1, such that for any connected component R of Wf − qf (S(f))
whose closure R includes qf (C), qf
−1(p) is an almost-sphere for p ∈ R,
any small regular neighborhood of qf (C) has the structure of a K-bundle
over qf (C) where K := {r exp(2piiθ) ∈ C | 0 ≤ r ≤ 1, θ = 0,
1
3 ,
2
3} , where
the structure group consists of just two elements fixing the point 1 ∈ K
and where qf (C) corresponds to the 0-section. We can take a small regular
neighborhood N(qf (C)) of qf (C) and qf
−1(N(qf (C))) has the structure of
a C∞ bundle over qf (C) whose fiber is PL homeomorphic to S
m−n+1 with
the interior of a union of disjoint three standard closed (m − n + 1)-discs
removed. More precisely, the bundle structure is given by the composition
of qf |qf−1(N(qf (C))) : qf
−1(N(qf (C))) → N(qf (C)) and the projection to
qf (C) (the subbundle corresponding to the 0-section) or the projection to
the subbundle corresponding to the fiber {1} ⊂ K.
3. Notes on round fold maps
In this section, we review round fold maps. See also [10].
3.1. Terms on round fold maps.
Definition 5 (round fold maps ([10])). f : M → Rn (m ≥ n ≥ 2) is said to be a
round fold map if f is C∞ equivalent to a fold map f0 :M0 → Rn on a closed C∞
manifold M0 such that the followings hold.
(1) The singular set S(f0) is a disjoint union of standard spheres of dimensions
n− 1 and consists of l ∈ N connected components.
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axis
proper core
Figure 1. An axis and a proper core of a round fold map
(2) The restriction map f0|S(f0) is a C
∞ embedding.
(3) Let Dnr := {(x1, · · · , xn) ∈ Rn |
∑n
k=1xk
2 ≤ r}. Then f0(S(f0)) =
⊔lk=1∂D
n
k.
We call f0 a normal form of f . We call a ray L from 0 ∈ Rn an axis of f0 and
Dn 1
2
the proper core of f0. Suppose that for a round fold map f , its normal form
f0 and C
∞ diffeomorphisms Φ :M → M0 and φ : Rn → Rn, φ ◦ f = f0 ◦ Φ. Then
for an axis L of f0, we also call φ
−1(L) an axis of f and for the proper core Dn 1
2
of f0, we also call φ
−1(Dn 1
2
) a proper core of f .
We introduce another definition.
Definition 6 (round fold maps ([10])). Assume that f : M → Rn is a fold map
and that m ≥ n ≥ 2. f is said to be a round fold map if the followings hold.
(1) The singular set S(f) is a disjoint union of standard spheres of dimensions
n− 1.
(2) The restriction map f |S(f) is a C
∞ embedding.
(3) We denote by {U0}⊔{U∞}⊔{Uλ}λ∈Λ (Λ may be empty.) the set of all the
connected components of Rn − f(S(f)). The followings hold.
(a) The closure U0 is C
∞ diffeomorphic to Dn.
(b) The closure U∞ is C
∞ diffeomorphic to Sn−1 × [0,+∞).
(c) The closure Uλ is C
∞ diffeomorphic to Sn−1 × [0, 1].
In [10], the following has been shown.
Proposition 3 ([10]). Two definitions of a round fold map are equivalent.
Let f :M → Rn be a round fold map, L be its axis and P be its proper core.
We set E := f−1(P ) and E′ :=M − f−1(IntP ). We put F := f−1(p) for p ∈ ∂P .
We put P (1) := P , P (2) := Rn − IntP , f1 := f |E : E → P
(1) and f2 := f |E′ : E
′ →
P (2).
f1 gives the structure of a trivial C
∞ bundle over P (1), f1|∂E : ∂E → ∂P
(1) gives
the structure of a trivial C∞ bundle over ∂P (1) and f2|∂E′ : ∂E
′ → ∂P (2) gives the
structure of a trivial C∞ bundle over ∂P (2) if P (1)
⋂
f(M) 6= ∅.
We can give E′ and qf (E
′) the structures of bundles over ∂P (2) as follows.
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U
U
U
U
0
1
2
∞
Figure 2. The image of a round fold map (Definition 6)
Let f be a normal form of a round fold map. Since for piP (x) :=
1
2
x
|x| (x ∈ P
(2)),
piP ◦ f |E′ is a proper C
∞ submersion, this map gives E′ the structure of a C∞
f−1(L)-bundle over ∂P (2) (apply Ehresmann’s fibration theorem; see also [2]).
qf (E
′) has the structure of a bundle over ∂P (2). We consider the following map.
Let p ∈ qf (E′). For p1, p2 ∈ qf−1(p), piP ◦ f(p1) = piP ◦ f(p2). We correspond
piP ◦ f(p1) = piP ◦ f(p2) to p. This map from qf (E′) into ∂P (2) gives the structure
of a f¯−1(L)-bundle: we only notice that piP ◦ f |E′ gives the structure of a C
∞
bundle and that qf (E
′) is the quotient space of E′ by ∼f .
For a round fold map f which is not a normal form, we can consider similar struc-
tures of bundles.
Definition 7 ([10]). Let f :M → Rn be a round fold map. If the natural projec-
tion from the total space of the bundle E′ onto the base space ∂P (2) (∂P (2) is C∞
diffeomorphic to Sn−1) gives the structure of a topologically (C∞) trivial bundle,
then f is said to be topologically (resp. C∞) trivial.
Related with topologically or C∞ trivial round fold maps and differential topol-
ogy of manifolds admitting such maps, we introduce Theorem 1 of [12] in the
following.
Proposition 4 ([12]). Let M be a closed C∞ manifold of dimension m. Let n ∈ N
and m ≥ n ≥ 2.
(1) Let M have the structure of a C∞ bundle over Sn whose fiber is a closed
C∞ manifold F (6= ∅). Then there exists a C∞ trivial round fold map
f : M → Rn such that the fiber of a point in a proper core of f is C∞
diffeomorphic to a disjoint union of two copies of F and that for an axis L
of f , f−1(L) is C∞ diffeomorphic to F × [0, 1].
(2) Suppose that a topologically (C∞) trivial round fold map f :M → Rn exists
and that for an axis L of f and a closed C∞ manifold F of dimension m−n,
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f−1(L) is C∞ diffeomorphic to F × [0, 1]. Then M has the structure of a
(resp. C∞) F -bundle over Sn.
1 of Proposition 4 has been again shown as the following as Theorem 3 of [13].
Proposition 5 ([13]). Let F 6= ∅ be a closed and connected C∞ manifold. Let M
be a closed C∞ manifold of dimension m having the structure of a C∞ F -bundle
over Sn (n ≥ 2). Then M admits a round fold map f : M → Rn satisfying the
followings.
(1) f is C∞ trivial.
(2) For an axis L of f , f−1(L) is C∞ diffeomorphic to F × [0, 1].
(3) Two connected components of the fiber of a point in a proper core of f is
regarded as fibers of the C∞ F -bundle over Sn.
(4) f(M) is C∞ diffeomorphic to Dn and for the connected component C :=
∂f(M), the C∞ embedding of f−1(C) into M is C∞ isotopic to a trivial
C∞ embedding into IntDm( ⊂ Dm ⊂M2).
4. Round fold maps on bundles over manifolds admitting round fold
maps
In this section, we extend or generalize statements of Proposition 4 and Propo-
sition 5. More precisely, we construct round fold maps on product bundles over
manifolds admitting locally C∞ trivial round fold maps and on C∞ bundles over
(exotic) spheres in new manners.
First we introduce a locally C∞ trivial round fold map.
Definition 8. Let f : M → Rn be a round fold map. Assume that for any
connected component C of f(S(f)) and a small C∞ closed tubular neighborhood
N(C) of C such that ∂N(C) is the disjoint union of two connected components
C1 and C2, f
−1(N(C)) has the structure of a trivial C∞ bundle over C1 (C2) and
f |f−1(C1) : f
−1(C1) → C1 (resp. f |f−1(C2) : f
−1(C2) → C2) gives the structure of
a subbundle of the bundle f−1(N(C)). Then f is said to be locally C∞ trivial. We
call a fiber FC of the bundle f
−1(N(C)) the normal fiber of C corresponding to
the bundle f−1(N(C)). Assume that C1 is in the bounded connected component
of Rn − C2 and we denote a fiber of the subbundle f−1(C1) by ∂0FC .
Note that a round fold map is locally C∞ trivial if it is C∞ trivial.
We introduce results shown in [12] and [13]. Note that a locally C∞ trivial map is
first defined in this paper, although maps satisfying the definition of a locally C∞
trivial map appeared in these papers.
We also review a round special generic group defined in Definition 11 of [12]. Let
Θk1 be the h-cobordism group of C
∞ oriented homotopy spheres of dimensions
k1 ≥ 2. It follows easily that the set of all the classes of Θk1 consisting of spheres
admitting round fold maps with connected singular sets into Rk2 (k1 ≥ k2 ≥ 2) is
a subgroup of Θk1 . In fact we only consider the connected sum of given two round
fold maps with connected singular sets (for the connected sum of given two special
generic maps into Euclidean spaces, see section 5 of [19] for example). We denote
the subgroup by Θ(k1,k2) ⊂ Θk1 and call it the (k1, k2) round special generic group.
Proposition 6 ([12], [13]). (1) Any connected sum of l ∈ N closed C∞ man-
ifolds of dimensions m having the structures of C∞ Sm−n-bundles over
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Sn admits a locally C∞ trivial round fold map f into Rn satisfying the
followings where n ≥ 2 and m− n ≥ 1.
(a) All the regular fibers of f are disjoint unions of finite copies of Sm−n.
(b) The number of connected components of S(f) and the number of con-
nected components of the fiber of a point in a proper core of f are
l.
(c) All the connected components of the fiber of a point in a proper core
of f are regarded as fibers of the C∞ Sm−n-bundles over Sn and a
fiber of any C∞ Sm−n-bundle over Sn appeared in the connected sum
is regarded as a connected component of the fiber of a point in a proper
core of f .
(2) Let M be a closed and connected C∞ oriented manifold of dimension m.
Let n ∈ N, n ≥ 2 and m ≥ 2n. Then the followings are equivalent.
(a) A locally C∞ trivial round fold map f : M → Rn exists and the fol-
lowings hold.
(i) Regular fibers of f are disjoint unions of standard spheres.
(ii) The number of connected components of the fiber of a point in a
proper core of f equals the number of connected components of
S(f).
(b) M is a connected sum of a finite number of C∞ oriented manifolds of
dimensions m having the structures of C∞ Sm−n-bundles over Sn and
an oriented manifold in a class of Θ(m,n).
Proposition 7. Let M be a closed C∞ manifold of dimension m. Assume that
there exists a (locally) C∞ trivial round fold map f :M → Rn (m ≥ n ≥ 2). Then
for any closed C∞ manifold F , we can construct a (resp. locally) C∞ trivial round
fold map f ′ :M × F → Rn
Proof. We prove the case where f is locally C∞ trivial.
We may assume that f :M → Rn is a normal form. Let S(f) consist of l connected
components. Set Pk := D
n
k+ 1
2
− IntDnk− 1
2
for an integer 1 ≤ k ≤ l. Then we
may assume that f−1(Pk) has the structure of a trivial C
∞ bundle over ∂Dnk− 1
2
(∂Dnk+ 1
2
) with a fiber C∞ diffeomorphic to Ek such that f |f−1(∂Dn
k− 1
2
) (resp.
f |f−1(∂Dn
k+1
2
)) gives the structure of subbundle (we denote fibers of two subbundles
byEk
1 ⊂ Ek and Ek
2 ⊂ Ek, respectively). For a C∞ diffeomorphism φk regarded as
a bundle isomorphism between the two trivial C∞ bundles (over standard spheres)
inducing the identification between the base spaces, M is C∞ diffeomorphic to
(· · · ((f−1(Dn 1
2
))
⋃
φ1
f−1(P1)) · · · )
⋃
φl
f−1(Pl)
and M × F is regarded as
(· · · ((f−1(Dn 1
2
)× F )
⋃
φ1×idF
(f−1(P1)× F )) · · · )
⋃
φl×idF
(f−1(Pl)× F )
We construct a C∞ map on f−1(Pk)× F . This manifold has the structure of a
trivial C∞ bundle over ∂Dnk− 1
2
(and ∂Dnk+ 1
2
) with a fiber C∞ diffeomorphic to
Ek × F . On Ek × F there exists a Morse function f˜k and the followings hold.
(1) f˜k is constant and minimal on ∂Ek
1 × F . (We denote the minimum by a.)
(2) f˜k is constant and maximal on ∂Ek
2×F . (We denote the maximum by b.)
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(3) Singular points of f˜k are in the interior of Ek × F and at any two distinct
singular points, the values are different.
We obtain idSn−1 × f˜k : S
n−1×Ek×F → Sn−1× [a, b]. By glueing f |f−1(Dn 1
2
)×
idF and the family {idSn−1 × f˜k} by using the family {φk × idSn−1} and the family
of identifications (on the target), we obtain a new round fold map f ′ : M × F →
Rn. 
Corollary 1. For any closed C∞ manifold F , any C∞ oriented homotopy sphere
Σ of any class in Θm,n (m ≥ n ≥ 2), Σ × F admits a C∞ trivial round fold map
into Rn such that the fiber of a point in a proper core is Sm−n × F .
Proof. We only note that a round fold map with connected singular set from Σ into
Rn is C∞ trivial since the natural projection in Definition 7 gives the structure of a
linear bundle and the projection gives the structure of a trivial C∞ bundle on the
boundary (see also Example 3 (1) of [10], for example). We only apply the method
in the proof of Proposition 7 to the round fold map. 
Remark 1. Any almost-sphere Σ of dimension larger than 1 admits a round fold
map into the plane with connected singular set and the map is C∞ trivial. We
can apply the method in the proof on the map to construct a C∞ trivial round
fold map from Σ× F into R2 such that the fiber of a point in a proper core is C∞
diffeomorphic to Sm−2 × F .
Corollary 2. Let M be a closed C∞ manifold of dimension m. Let F1 be a closed
C∞ manifold of dimension m − n (m ≥ n ≥ 2). Let M have the structure of C∞
F1-bundle over S
n. Then for any closed C∞ manifold F2, there exists a C
∞ trivial
round fold map f ′ :M × F2 → Rn such that the fiber of a point in a proper core is
C∞ diffeomorphic to a disjoint union of two copies of F1 × F2.
Proof. We only apply the construction in the proof of Proposition 7 to a round fold
map from M into Rn obtained in Proposition 4 or Proposition 5. 
Theorem 1. For any C∞ oriented homotopy sphere Σ in a class of Θm,n where
m ≥ n ≥ 2 and any closed C∞ manifold M having the structure of a C∞ F -bundle
over Σ admits a C∞ trivial round fold map into Rn.
Proof. Σ admits a round fold map f whose singular set is connected into Rn and the
map f is C∞ trivial. Let P be a proper core of f andQ be a small C∞ closed tubular
neighborhood of the singular value set f(S(f)). We may assume that ∂P ⊂ ∂Q.
For a C∞ diffeomorphism φ which is regarded as an isomorphism between the two
trivial C∞ bundles ∂P × Sm−n over ∂P and ∂P × ∂Dm−n+1 over ∂P inducing
the identification between the base spaces, Σ is regarded as (P × Sm−n)
⋃
φ(∂P ×
Dm−n+1). If we restrict the base space of any C∞ F -bundle over Σ to P×Sm−n ⊂ Σ
and ∂P ×Dm−n+1 ⊂ Σ, then the resulting C∞ bundles are trivial C∞ bundles. So
for every C∞ F -bundle over Σ, there exists a C∞ diffeomorphism Φ regarded as a
bundle isomorphism between the two trivial C∞ F -bundles ∂P × Sm−n × F over
∂P × Sm−n and ∂P × ∂Dm−n+1 × F over ∂P × ∂Dm−n+1 inducing φ and the C∞
F -bundle over Σ is regarded as (P × Sm−n × F )
⋃
Φ(∂P ×D
m−n+1 × F ).
We have a goodMorse function f˜ : Dm−n+1×F → [a,+∞) where a is the minimum.
By using Φ and the identification map on the target, we can glue the canonical
projection p : P ×Sm−n×F → P and f˜ × id∂P to obtain a desired round fold map
f . This completes the proof. 
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Remark 2. Theorem 1 has been shown as a part of Theorem 1 of [12] or Proposition
4 of the present paper for the case where Σ = Sn (in section 4 of [9], it has been
shown for the case where Σ = Sn and where F is an almost-sphere). The proof in
the present paper can be regarded as an extension of the original proofs.
Now we introduce terms and results of [11].
Before that, we define a branched point of a polyhedron. For a polyhedron of di-
mension k ≥ 1, a branched point means a point such that every open neighborhood
of the point is not homeomorphic to any open set of Rk or Rk+ := {(x1, · · · , xk) ∈
Rk | xk ≥ 0}. If a polyhedron X of dimension k does not have branched points,
then it is a manifold having a triangulation and we can define the interior IntX
and the boundary ∂X .
Definition 9. Let f :M → N be a simple fold map and m− n ≥ 2.
(1) Let C be a connected component of qf (S(f)) − qf (F0(f)) consisting of
non-branched points. Assume that there exists a small regular neighbor-
hood N(C) of C in Wf having the structure of a trivial PL [−1, 1]-bundle
over qf (C) (qf (C) corresponds to the 0-section) and that the composition
of qf |qf−1(N(C)) : qf
−1(N(C)) → N(C) and the projection to qf (C) gives
qf
−1(N(C)) the structure of a C∞ bundle over C whose fiber is PL home-
omorphic to Dk+1 × Sm−n−k − IntDm−n+1 for an integer 1 ≤ k < m− n.
Then C is said to be a k S-locus.
(2) Let R be a connected component of Wf − qf (S(f)).
If for any compact subset P in R, qf |qf−1(P ) : qf
−1(P ) → P gives the
structure of a bundle over P whose fiber is PL homeomorphic to Sk ×
Sm−n−k for an integer 1 ≤ k ≤ [m−n2 ], then R is said to be a k S-region
or an m − n − k S-region (note that k = m − n − k if m − n is even and
k = m−n2 ).
If for p ∈ R, qf
−1(p) is an almost-sphere, then R is said to be an AS-region.
For example, on Sk1 × Sk2 (k1, k2 ≥ 2), there exists a good Morse function
f : Sk1 × Sk2 → R with four singular points such that Wf contains two k1 − 1
(k2 − 1) S-loci.
Let f :M → N be a simple fold map and p ∈ S(f). Let qf (p) be in a k S-locus. If
k + 1 ≤ [m−n+12 ], then p ∈ Fk+1(f) and if k + 1 > [
m−n+1
2 ], then p ∈ Fm−n−k(f).
Definition 10. If a simple fold map f :M → N (m−n ≥ 2) satisfies the followings,
then f is said to be a normal simple fold map with regular fibers of two spheres.
(1) Any connected component of qf (S(f)) inWf −qf(F0(f)) consisting of non-
branched points is an S-locus .
(2) For any connected component R ofWf−qf (S(f)) such that the intersection
of the closure R and the set of all the branched points of Wf is non-empty,
the fiber of each point in R is an almost-sphere.
For example, on Sk1 × Sk2 (k1, k2 ∈ N), there exists a good Morse function
f : Sk1 ×Sk2 → R with four singular points which is also a normal simple fold map
with regular fibers of two spheres.
Definition 11. Let f be a normal simple fold map with regular fibers of two
spheres.
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(1) If for any k S-locus C, the connected component R of Wf − qf (S(f)) which
is not an AS-region such that C is in the boundary of the closure R¯, is a
k S-region and the boundary of the closure is a disjoint union of k S-loci,
then we say that f decomposes into S-systems.
(2) Assume that f decomposes into S-systems.
We say that f has a family of S-identifications if there exists a family of
small regular neighborhoods {N(Cλ)}λ∈Λ of all the S-loci {Cλ}λ∈Λ such
that the followings hold.
(a) (The bundle structure of qf
−1(N(Cλ)) over Cλ)
Let Cλ be a k S-locus. qf
−1(N(Cλ)) has the structure of a C
∞ bun-
dle over Cλ with the fiber PL homeomorphic to D
k+1 × Sm−n−k −
IntDm−n+1 ⊂ Dk+1×Sm−n−k for an integer 1 ≤ k < m−n such that
for the connected component C of ∂N(Cλ) in a k S-region, qf
−1(C)
has the structure of a subbundle of the bundle qf
−1(N(Cλ)) over Cλ
with the fiber PL homeomorphic to ∂Dk+1 × Sm−n−k and that the
structure group of qf
−1(C) is a subgroup of the C∞ diffeomorphism
group of the fiber, consisting of some C∞ diffeomorphisms regarded as
bundle isomorphisms on the trivial PL bundle ∂Dk+1 × Sm−n−k over
∂Dk+1 inducing PL homeomorphisms on the base space ∂Dk+1 = Sk
(1 ≤ k < m− n).
(b) (The bundle structure of qf
−1(R) over R for a connected component
R of Wf − Int⊔λ∈ΛN(Cλ) in an S-region)
For any connected component R ofWf−Int⊔λ∈ΛN(Cλ) in a k S-region
such that the closure of the k S-region is bounded by a disjoint union
of k S-loci, qf
−1(R) has the structure of a C∞ bundle over R with the
fiber PL homeomorphic to Sk×Sm−n−k such that the structure group
is a subgroup of the C∞ diffeomorphism group of the fiber, consisting
of some C∞ diffeomorphisms regarded as bundle isomorphisms on the
trivial PL bundle Sk×Sm−n−k over Sk inducing PL homeomorphisms
on the base space Sk.
(c) (Identifications of pieces of the source manifold on their boundaries)
For any connected component R ofWf−Int⊔λ∈ΛN(Cλ) in a k S-region
such that the closure of the k S-region is bounded by a disjoint union of
k S-loci, the identification map of the restriction of a bundle qf
−1(R)
overR satisfying (b) of this definition to any connected component C of
the boundary ∂R and the subbundle qf
−1(C) of a bundle qf
−1(N(Cλ))
(C ⊂ ∂N(Cλ)) over C satisfying (a) of this definition is a bundle map;
the structure groups are a subgroup of the C∞ diffeomorphism group
of the fiber, consisting of some C∞ diffeomorphisms regarded as bundle
isomorphisms on the trivial PL bundle ∂Dk+1 × Sm−n−k over ∂Dk+1
inducing PL homeomorphisms on the base space ∂Dk+1 = Sk. (Here
the base space of the fiber of the bundle satisfying (a) means ∂Dk+1
and the base space of the fiber of the bundle satisfying (b) means Sk.
We should be careful in the case where k = m− n− k.)
As results, the following has been shown.
Proposition 8 ([11]). Let M be a closed C∞ manifold of dimension m, N be a
C∞ manifold of dimension n without boundary and f : M → N be a simple fold
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map. Let n ≥ 2 and m− n ≥ 2.
We assume that f has a family of S-identifications.
Then there exist a compact PL manifold W of dimension m+1 such that ∂W =
M , a polyhedron V and continuous maps r : W → V and s : V → Wf and the
followings hold.
(1) There exist a triangulation of W , a triangulation of V and a triangulation
of Wf such that r is a simplicial map and that s is a simplicial map and
the followings hold.
(a) For each p ∈ V , r−1(p) collapses to a point and r is a homotopy
equivalence.
(b) If p is in the closure of an AS-region in Wf , then s
−1(p) is a point.
If p is in an AS-region in Wf and q ∈ s−1(p), then r−1(q) is PL
homeomorphic to Dm−n+1.
(c) If p is in a k S-region in Wf whose closure is bounded by a disjoint
union of k S-loci, then s−1(p) is PL homeomorphic to Sk. If p is in
a k S-region in Wf whose closure is bounded by a disjoint union of k
S-loci and q ∈ s−1(p), then r−1(q) is PL homeomorphic to Dm−n−k+1.
(2) W collapses to a subpolyhedron V ′ such that r|V ′ : V
′ → V is a PL home-
omorphism.
If M is orientable, then we can construct W as an orientable manifold.
The following corollary has been shown.
Corollary 3 ([11]). In the situation of Proposition 8, let M be connected and
i :M →W be the natural inclusion. Then
r∗ ◦ i∗ : pik(M)→ pik(V )
gives an isomorphism for 0 ≤ k ≤ m− dimV − 1.
By using the results, the following has been shown.
Proposition 9 ([11]). Let M be a closed and connected C∞ manifold of dimension
m and f : M → Rn be a round fold map. Let n ≥ 2 and m − n ≥ 2. Suppose
that qf (S(f)) consists of two connected components and that one of the connected
components is a k S-locus.
We also assume that f has a family of S-identifications.
Then there exist a compact PL manifold W of dimension m+1 such that ∂W =M ,
a polyhedron V and continuous maps r :W → V and s : V →Wf and the followings
hold.
(1) V is a polyhedron of dimension n+ k.
(2) There exist a triangulation of W , a triangulation of V and a triangulation
of Wf such that r is a simplicial map and that s is a simplicial map and
the followings hold.
(a) For each p ∈ V , r−1(p) collapses to a point and r is a homotopy
equivalence.
(b) If p is in the closure of the AS-region in Wf , then s
−1(p) is a point.
If p is in the AS-region in Wf and q ∈ s−1(p), then r−1(q) is PL
homeomorphic to Dm−n+1.
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(c) If p is in the k S-region in Wf , then s
−1(p) is PL homeomorphic to
Sk. If p is in the k S-region in Wf and q ∈ s−1(p), then r−1(q) is PL
homeomorphic to Dm−n−k+1.
(3) W collapses to a subpolyhedron V ′ such that r|V ′ : V
′ → V is a PL home-
omorphism.
(4) r∗ ◦ i∗ : pij(M)→ pij(V ) gives an isomorphism for 0 ≤ j ≤ m−dimV −1 =
m− n− k − 1 where i :M →W is the inclusion.
(5) V is PL homeomorphic to Sn+k
⋃
ψ(S
n−1× [0, 1]) for a PL homeomorphism
ψ : B → A (a polyhedron obtained by glueing Sn+k and Sn−1 × [0, 1] by ψ)
where A is PL homeomorphic to Sn−1 and trivially embedded in Sn+k in
the PL category and where B := Sn−1 × {0} ⊂ Sn−1 × [0, 1].
About Proposition 9 in the present paper, the following example also appeared
in [11].
Example 2 ([11]). It is also known that any closed and 2-connected manifold of
dimension 6 has a C∞ differentiable structure and that the resulting C∞ manifold
is always C∞ diffeomorphic to a connected sum of finite copies of S3 × S3 ([25]).
So in the situation of Proposition 9, if m = 6, n = 2 and k = 1, then M is C∞
diffeomorphic to S3 × S3.
About the diffeomorphism types of the source manifolds of Proposition 9, we
show the following in the present paper.
Theorem 2. For any pair of C∞ homotopy spheres Σ1 and Σ2 such that (oriented)
Σ1 is in a class of Θm,n (m > n ≥ 2) and that the dimension of Σ2 is positive, any
closed C∞ manifold M having the structure of a C∞ Σ2-bundle over Σ1 admits a
C∞ trivial round fold map into Rn satisfying the assumption of Proposition 9.
Proof. We apply the method used in the proof of Theorem 1 to a round fold map
from Σ1 into R
n whose singular set is connected. We obtain a C∞ trivial round
fold map f :M → Rn satisfying the followings.
(1) The singular set S(f) consists of two connected components.
(2) The inverse image of an axis of the resulting map f is C∞ diffeomorphic
to Dm−n+1 × Σ2.
We easily know that f satisfies the assumption of Proposition 9 by the proof of
Theorem 1. 
5. P-operations and applications
5.1. P-operations. We easily have the following proposition.
Proposition 10. LetM be a closed C∞ manifold of dimension m and f :M → Rn
be a locally C∞ trivial round fold map. Let F be a closed C∞ manifold and M ′ be
a closed C∞ manifold having the structure of a C∞ F -manifold such that for any
connected component C of f(S(f)) and a small C∞ closed tubular neighborhood
N(C) of C as in Definition 8, the restriction to f−1(N(C)) is a trivial C∞ bundle.
Then on M ′ there exists a locally C∞ trivial round fold map f ′ :M ′ → Rn.
Proof. In the proof of Proposition 7, by replacing φk × idF by a C∞ diffeomor-
phism Φk which is regarded as a general isomorphism between the two trivial C
∞
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F -bundles inducing the identification φk of the base spaces, M
′, which has the
structure of a C∞ F -bundle over M , is regarded as
(· · · ((f−1(Dn 1
2
)× F )
⋃
Φ1
(f−1(P1)× F )) · · · )
⋃
Φl
(f−1(Pl)× F )
By analogy of the arguments of the proofs of Proposition 7 and Theorem 1, we
obtain a new round fold map f ′ :M ′ → Rn. 
In the proof, from f :M → Rn, we obtain f ′ :M ′ → Rn. We call the operation
of constructing f ′ from f a P-operation by F on f .
In this paper, we consider P -operations by S1. We introduce fundamental terms
and known facts on S1-bundles. It is well known that C∞ S1-bundles are regarded
as linear bundles whose structure groups are O(2). A C∞ S1-bundle is said to be
orientable if the structure group is regarded as SO(2). Since C∞ S1-bundles are lin-
ear bundles, so we can consider their Stiefel-Whitney classes, which are cohomology
classes of the base spaces with coefficients Z/2Z, including their 1st Stiefel-Whitney
classes (2nd Stiefel-Whitney classes), which are 1st cohomology classes (resp. 2nd
cohomology classes) of the base spaces with coefficients Z/2Z. If a C∞ S1-bundle
is orientable, then we can orient the bundle and consider its Euler class, which is
a 2nd cohomology class of the base space with coefficient Z. We introduce known
facts on classifications of linear S1-bundles without proofs.
Proposition 11. Let X be a topological space.
(1) The 1st Stiefel-Whitney class α ∈ H1(X,Z/2Z) of a linear S1-bundle over
X vanishes if and only if the bundle is orientable.
(2) For any α ∈ H2(X,Z), there exists a linear oriented S1-bundle over X
whose Euler class is α.
(3) Two linear oriented S1-bundles on X are isomorphic if the Euler classes
are same.
The facts are important in the following subsection. For general theory of linear
(vector) bundles and their characteristic classes including Stiefel-Whitney classes
and Euler classes, see also [17] for example.
5.2. Round fold maps on manifolds having the structures of C∞ S1-
bundles.
Theorem 3. Let M be a closed C∞ manifold of dimension m, f : M → Rn be
a locally C∞ trivial round fold map and m ≥ n ≥ 3. Assume that either of the
followings holds.
(1) n ≥ 4.
(2) n = 3, M is connected, f(M) is C∞ diffeomorphic to D3 and Wf is con-
nected.
Assume that for any connected component C of f(S(f)), a normal fiber FC of C
corresponding to a trivial bundle over C as in Definition 8 satisfies H2(FC ,Z) ∼=
{0}. Then for any closed C∞ manifold M ′ having the structure of a C∞ orientable
S1-bundle over M , by a P-operation by S1 on f , we can obtain a round fold map
f ′ :M ′ → Rn.
Furthermore, for any connected component C of f(S(f)), let the fiber FC above
satisfy H1(FC ,Z2) ∼= {0}. Then for any closed C∞ manifold having the structure
of a C∞ S1-bundle over M , by a P-operation by S1 on f , we can obtain a locally
C∞ trivial round fold map f ′ :M ′ → Rn.
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Proof. First we prove the case where n ≥ 4.
For any connected component C of f(S(f)), there exist a small C∞ closed tubular
neighborhood N(C) and a trivial C∞ bundle f−1(N(C)) over C as in Definition
8 and H2(f−1(N(C)),Z) ∼= {0} holds since C is homeomorphic to Sn−1 and by
the assumption, for a normal fiber FC of C corresponding to f
−1(N(C)), we may
assume that H2(FC ,Z) ∼= {0} holds. If we restrict any C∞ orientable S1-bundle
over M to f−1(N(C)), then the bundle obtained by the restriction is a trivial C∞
bundle. We can do a P-operation by S1 on f .
Assume that H1(FC ,Z/2Z) ∼= {0} holds. We note that H1(f−1(N(C)),Z/2Z) ∼=
{0} holds since C is homeomorphic to Sn−1 and H1(FC ,Z/2Z) ∼= {0} holds. If
we restrict any C∞ S1-bundle over M to f−1(N(C)), then the bundle obtained by
the restriction is orientable and as a result it is a trivial C∞ bundle. We can do a
P-operation similarly.
Thus this completes the proof of the case where n ≥ 4. Second we prove the case
where n = 3, where f(M) is C∞ diffeomorphic to D3 and where Wf is connected.
For any connected component C of f(S(f)), there exist a small C∞ closed tubular
neighborhood N(C) and a trivial C∞ bundle f−1(N(C)) over C as in Definition 8
and H2(f−1(N(C)),Z) ∼= H2(C,Z) ∼= Z since C is homeomorphic to S2 and by the
assumption, for a normal fiber FC of C corresponding to the bundle f
−1(N(C)),
we may assume that H2(FC ,Z) ∼= {0} holds.
From the cohomology group of the fiber FC , it suffices to show that the restriction
of any C∞ orientable S1-bundle over M to f−1(∂N(C)) is a trivial C∞ bundle for
any C. For this, it suffices to show that the Euler class of the restriction of the
(oriented) bundle to f−1(∂N(C)) vanishes.
For C and a connected component C1 of ∂N(C), if the restriction of the bundle over
M to f−1(C1) is orientable and the Euler class of the obtained (oriented) bundle
vanishes, then for the other connected component C2 of ∂N(C), the restriction of
the bundle over M to f−1(C2) is orientable and the Euler class of the obtained
(oriented) bundle vanishes.
Let F be the fiber of a point in a proper core P of f . Note that for a proper core P of
f , f−1(P ) has the structure of a trivial C∞ F -bundle over P . f−1(∂P ) is regarded
as the restriction of the bundle f−1(P ) to ∂P and for the connected component
C0 of f(S(f)) in the center and the given small C
∞ closed tubular neighborhood
N(C0), it is regarded as a subbundle of the trivial C
∞ bundle f−1(N(C0)) over
C0, whose fiber is FC0 satisfying H
2(FC0 ,Z)
∼= {0}. It means that the Euler class
of the restriction of the bundle over M to any connected component of f−1(∂P )
vanishes if oriented.
SinceWf is connected, for any connected comonent C of f(S(f)), it follows that the
Euler class of the restriction of a C∞ orientable S1-bundle over M to f−1(∂N(C))
vanishes if oriented.
Assume thatH1(FC ,Z/2Z) ∼= {0} also holds. We note thatH1(f−1(N(C)),Z/2Z) ∼=
{0} holds since C is homeomorphic to Sn−1 and H1(FC ,Z/2Z) ∼= {0} holds. If we
restrict any C∞ S1-bundle overM to f−1(N(C)), then the bundle obtained by the
restriction is orientable and as a result it is a trivial C∞ S1-bundle.
Thus this completes the proof of the theorem. 
For a closed C∞ manifold M of dimension m, let f : M → Rn (m ≥ n ≥ 2)
be a round fold map which is locally C∞ trivial and which has a family of S-
identifications. We also assume that n ≥ 3 and that for any integer k satisfying
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Figure 3. A fiber of the bundle VC . (The segment in this disc is
a fiber of the bundle P˜ (C) and the submanifold of the boundary
above the corner is a fiber of the bundle qf
−1(N(C)).)
m − n − k < 3, there exist no k-loci in Wf . Last we also assume that Wf has no
branched points.
First, for f , we demonstrate the proof of Proposition 8 of the present paper or
Theorem 1 of [11].
Let C be a connected component of the image of the set F0(f) of all the definite
fold points of f . Let N(C) be a small regular neighborhood of C. We note that
N(C) has the structure of a trivial PL bundle over C with a fiber homeomorphic
to [0, 1]. We may assume that C corresponds to the 0-section (0 ∈ [0, 1]).
For each p ∈ C, setKp := qf−1({p}×[0, 1]) for a fiber {p}×[0, 1] of the bundle N(C)
over C. It is C∞ diffeomorphic to Dm−n+1. We may assume that q−1f (N(C)) has
the structure of a C∞ bundle over C with a fiber C∞ diffeomorphic to Dm−n+1
and Kp is the fiber of p ∈ C. Now we can construct a C
∞ compact (m + 1)-
manifold VC having the structure of a C
∞ Dm−n+2-bundle over C (we denote by
K˜p the fiber of p ∈ C) such that q
−1
f (N(C)) has the structure of a subbundle of
the bundle VC with a fiber C
∞ diffeomorphic to Dm−n+1 and is in the boundary
of VC and a PL map rC : VC → N(C) such that rC−1(p, t) is PL homeomorphic to
Dm−n+1 for p ∈ C and t ∈ (0, 1] and that rC−1(p, t) is a point for p ∈ C and t = 0.
Furthermore, there exists a PL manifold P˜ (C) ⊂ VC of dimension n such that P˜ (C)
has the structure of a subbundle of the bundle VC , that rC |
P˜ (C)
: P˜ (C)→ N(C) is
a PL homeomorphism (a bundle isomorphism between the two PL bundles), that
P˜ (C)
⋂
∂K˜p consists of a point (p, 1) ∈ {p} × [0, 1] and is not in q
−1
f (N(C)) and
that VC collapses to P˜ (C). See also FIGURE 3. Finally we set sC := idN(C) for
latter discussions.
Let a connected component C of qf (S(f)) be a k− 1 S-locus where 2 ≤ k < m−n.
By the assumption, we can take a regular neighborhood N(C) so that qf
−1(N(C))
has the structure of a trivial C∞ bundle over C with a fiber PL homeomorphic to
Dk × Sm−n−k+1 − IntDm−n+1. We note that N(C) has the structure of a trivial
PL [−1, 1]-bundle over C and we may assume that C corresponds to the 0-section
(0 ∈ [−1, 1]). We may assume that there exists a PL bundle over C with a fiber PL
homeomorphic to (Sm−n−k+1×Dk)
⋃
φ1×φ2
(Dm−n−k+2×Sk−1) (and Sm−n+1) for
a pair of PL homeomorphisms (φ1 : ∂D
m−n−k+2 → Sm−n−k+1, φ2 : S
k−1 → ∂Dk)
and that the bundle qf
−1(N(C)) is a subbundle of the (Sm−n−k+1 ×Dk)-bundle.
For this fact, remember that by the definition of S-identifications, for any connected
component C′ of ∂N(C) in the k − 1 S-region, qf−1(C′) has the structure of a
subbundle of the bundle qf
−1(N(C)) over C′ with a fiber PL homeomorphic to
∂Dk × Sm−n−k+1 and that the structure group of qf
−1(C′) is a subgroup of the
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C∞ diffeomorphism group of the fiber, consisting of some C∞ diffeomorphisms
regarded as bundle isomorphisms on the trivial PL bundle ∂Dk × Sm−n−k+1 over
∂Dk inducing PL homeomorphisms on the base space ∂Dk = Sk−1.
Then we can construct the following objects.
(1) A compact PL manifold VC of dimension m + 1 having the structure of a
trivial PL Dm−n+2-bundle over C (let VCp denote the fiber of p of the base
space) such that the subbundle corresponding to ∂Dm−n+2 = (Sm−n−k+1×
Dk)
⋃
φ1×φ2
(Dm−n−k+2 × Sk−1) is the PL Sm−n+1-bundle in the previous
paragraph. The bundle q−1f (N(C)) (over C) is a subbundle of the bundle
VC and is in the boundary of VC (we regard it is also a subbundle of the
(Sm−n−k+1 ×Dk)-bundle).
(2) A trivial PL bundle P (C) whose fiber is the mapping cylinder of the con-
stant map c : Sk−1 → [0, 1] satisfying c(Sk−1) = {0} and whose base space
is C.
(3) PL maps rC : VC → P (C) and sC : P (C) → N(C) such that sC−1(p) is a
point for p in the closure of an AS-region, that sC
−1(p) is PL homeomor-
phic to Sk−1 for p in a k−1 S-region, that rC−1(q) is PL homeomorphic to
Dm−n+1 for q ∈ sC−1(p) for p in an AS-region, that rC−1(q) is PL home-
omorphic to Dm−n−k+2 for q ∈ sC
−1(p) for p in a k − 1 S-region and that
(sC ◦ rC)
−1
({p} × [−1, 1]) = VCp for all p ∈ C ({p} × [−1, 1] is a fiber of
the bundle N(C) over C; N(C) has the structure of a trivial PL [−1, 1]-
bundle over C and C corresponds to the 0-section). Furthermore, rC
−1(q)
collapses to a point for q ∈ P (C).
(4) A subpolyhedron P˜ (C) ⊂ VC of dimension n+k−1 such that P˜ (C) has the
structure of a subbundle of the trivial bundle VC , that rC |
P˜ (C)
: P˜ (C) →
P (C) is a PL homeomorphism (a bundle isomorphism between the two PL
bundles), that P˜ (C)
⋂
∂VCp = {p} × ((S
k−1 × {0}) ⊔ {1}) ⊂ P˜ (C), that
P˜ (C)
⋂
∂VCp does not contain any points in qf
−1(N(C)) and is the disjoint
union of a point in Sm−n−k+1 ×Dk and a (k − 1)-sphere {0} × Sk−1, and
that VC collapses to P˜ (C).
In this argument, we may assume that f is a normal form of a round fold
map and that for any connected component C of f(S(f)) and a positive integer j,
N(C) = [j − 12 , j +
1
2 ].
Let f(M) be C∞ diffeomorphic to Dn. Then, f |f−1(Dn 1
2
) → D
n
1
2
gives the struc-
ture of a trivial C∞ bundle. D := f¯−1(Dn 1
2
) ⊂ Wf is in a connected component
of Wf − qf (S(f)).
Let the fiber of a point in D be an almost-sphere and qf
−1(D) have the structure
of a C∞ bundle over D with a fiber PL homeomorphic to Sm−n. Let rD : VD → D
give the structure of a PL Dm−n+1-bundle which is an associated bundle of the
bundle qf
−1(D) over D (we regard Sm−n = ∂Dm−n+1). We take the associated
bundle so that the structure group is a group consisting of PL homeomorphisms
r on Dm−n+1 such that r(0) = 0 and that for a PL homeomorphism r′ on Sm−n,
r(x)
|x| = r
′( x|x|) (x 6= 0). Let P˜ (D) ⊂ VD be the 0-section of the associated bundle.
Finally we set P (D) := D and let sD : P (D)→ D be the identity map.
Let D be in a k S-region whose closure is bounded by a k S-locus and qf
−1(D)
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have the structure of a C∞ bundle over D with a fiber PL homeomorphic to
Sk × Sm−n−k. Let VD have the structure of a PL (Sk × Dm−n−k+1)-bundle
over D which is an associated bundle of the bundle qf
−1(D) over D (we regard
Sk×Sm−n−k = Sk×∂Dm−n−k+1). We take the associated bundle so that the struc-
ture group is a group consisting of some PL homeomorphisms r on Sk×Dm−n−k+1
such that r is a bundle isomorphism on a PL bundle Sk×Dm−n−k+1 over Sk whose
structure group consists of PL homeomorphisms r1 on D
m−n−k+1 where r1(0) = 0
and where for a PL homeomorphism r2 on S
m−n−k, r1(x)|x| = r2(
x
|x|) (x 6= 0) and
that r induces a PL homeomorphism on the base space Sk. Let P˜ (D) ⊂ VD be the
subbundle whose fiber is Sk×{0} ⊂ Sk×Dm−n−k+1. The bundle VD over D is also
given by the composition of two PL maps rD : VD → P (D) and sD : P (D) → D
where P (D) is a PL manifold and where sD gives P (D) the structure of a bundle
over D equivalent to the bundle P˜ (D) over D.
Now, by the definition of a family of S-identifications, we obtain W , V , V ′, r and
s in Proposition 8 by glueing a family {VC} and VD, a family {P (C)} and P (D), a
family {P˜ (C)} and P˜ (D), a family {rC} and rD and a family {sC} and sD together,
respectively. This completes the proof of Proposition 8 for f . If f(M) is not C∞
diffeomorphic to Dn, then we don’t need VD, P (D), P˜ (D), rD and sD.
We also note that for any axis L of f and any k S-region R in Wf whose closure
R is bounded by a disjoint union of a pair of two k S-loci, s ◦ f¯
−1
(R
⋂
L) is PL
homeomorphic to Sk+1. Thus the simple homotopy type of V is represented as in
the following paragraph.
Let A := Dn if the fiber of a point in a proper core of f is an almost-sphere and
A := Sn+k if f(M) is C∞ diffeomorphic to Dn and the connected component of
Wf − qf(S(f)) homeomorphic to an open disc of dimension n is a k S-region whose
closure is bounded by a k S-locus. Let lk be the number of S-regions bounded by
disjoint unions of two k S-loci in Wf . Let L be a wedge product of lk copies of
Sk+1 for all 1 ≤ k ≤ m−n−1. If f(M) is C∞ diffeomorphic to Dn, then we define
a PL homeomorphism φ from Sn−1 × {∗} ⊂ B := Sn−1 × L onto ∂A in the case
where A = Dn and onto a standard sphere of dimenison n− 1 trivially embedded
in A in the PL category in the case where A = Sn+k. Hence V in the proposition is
simple homotopy equivalent to A
⋃
φB if f(M) is C
∞ diffeomorphic to Dn and V
is simple homotopy equivalent to B = Sn−1 × L if f(M) is not C∞ diffeomorphic
to Dn.
Furthermore, pi1(V ) ∼= pi1(M) ∼= H1(M,Z) ∼= H1(M,Z) ∼= H1(M,Z/2Z) ∼= {0}
holds by Proposition 8 and Corollary 3. By these propositions, pi2(V ) ∼= pi2(M) ∼=
H2(M,Z) ∼= H2(M,Z) ∼= Zl1 also holds where l1 is the number of 1 S-regions in
Wf whose closures are bounded by pairs of two k S-loci defined above.
f satisfies the assumption of Theorem 3. Now this completes the proof of the
following theorem.
Theorem 4. Let M be a closed C∞ manifold of dimension m. Let f : M →
Rn be a round fold map which is locally C∞ trivial and which has a family of S-
identifications. Assume that the Reeb space Wf has no branched points. Assume
also that n ≥ 3 and that for any integer k satisfying m− n− k < 3, there exist no
k-loci in Wf . Suppose that either of the followings holds.
(1) n ≥ 4.
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(2) n = 3, M is connected, f(M) is C∞ diffeomorphic to D3 and Wf is con-
nected.
Let lk be the number of S-regions bounded by disjoint unions of pairs of two k S-loci
in Wf . Then H
2(M,Z) is a free commutative group of rank l1 and on a manifold
having the structure of a C∞ oriented S1-bundle whose Euler class is α ∈ H2(M,Z),
we can obtain a round fold map by a P-operation by S1 on f .
We have the following theorem where the target manifold is R2.
Theorem 5. Let M be a closed C∞ manifold of dimension m(m ≥ 2) and f :
M → R2 be a locally C∞ trivial round fold map.
(1) For any connected component C of f(S(f)), we denote a small C∞ closed
tubular neighborhood of C as in Definition 8 by N(C) and we denote a nor-
mal fiber of C corresponding to the trivial bundle f−1(N(C)) over C as in
Definiiton 8 by FC . Let FC satisfy H
1(FC ,Z) ∼= H2(FC ,Z) ∼= {0}. Then
by a P-operation by S1 on f , for any closed C∞ manifold having the struc-
ture of a C∞ S1-bundle over M such that for any connected component C
of f(S(f)), the restriction to f−1(∂N(C)) is an orientable bundle, we can
obtain a round fold map f ′ :M ′ → R2.
(2) Furthermore, if f(M) is C∞ diffeomorphic to D2 and Wf is connected,
then by a P-operation by S1 on f , for any closed C∞ manifold M ′ having
the structure of a C∞ S1-bundle over M , we can obtain a round fold map
f ′ :M ′ → R2.
Proof. We prove the first part. For any connected component C of f(S(f)),
H2(f−1(N(C)),Z) ∼= {0} holds since C is homeomorphic to S1 and for a nor-
mal fiber FC of C corresponding to the bundle f
−1(N(C)) over C, H1(FC ,Z) ∼=
H2(FC ,Z) ∼= {0} holds. Note that H1(FC ,Z/2Z) ∼= {0} holds. If we restrict any
C∞ S1-bundle over M to f−1(N(C)) such that the restriction to f−1(∂N(C)) is a
C∞ orientable S1-bundle, then the bundle obtained by the restriction is orientable
since its 1st Stiefel-Whitney class vanishes and as a result, it is a trivial C∞ bundle.
By a P-operation by S1 on f , a round fold map f ′ :M ′ → Rn is obtained.
This completes the proof of the first part. Now we prove the second part. For
any connected component C of f(S(f)), H1(f−1(N(C)),Z/2Z) ∼= H1(C,Z/2Z) ∼=
Z/2Z andH2(f−1(N(C)),Z) ∼= 0 hold since C is homeomorphic to S1 andH1(FC ,Z) ∼=
H1(FC ,Z/2Z) ∼= H2(FC ,Z) ∼= {0} holds.
From the cohomology group of the fiber FC , it suffices to show that the restriction
of every C∞ S1-bundle over M to f−1(∂N(C)) is orientable and as a result, it is
a trivial C∞ bundle. For this, it suffices to show that the 1st Stiefel-Whitney class
of the restriction of the bundle overM to f−1(∂N(C)) vanishes and that the Euler
class of the restriction, which is defined by orienting the obtained bundle, vanishes.
For any connected component C of f(S(f)) and a connected component C1 of
∂N(C), if the 1st Stiefel-Whitney class of the restriction of the S1-bundle over
M to f−1(C1) vanishes and the Euler class of the restrcition, which is defined by
orienting the obtained bundle, vanishes, then for the other connected component
C2 of ∂N(C), the 1st Stiefel-Whitney class of the restriction of the bundle over
M to f−1(C2) vanishes and the Euler class of the restriction, which is defined by
orienting the obtained bundle, vanishes.
Let F be the fiber of a point in a proper core P of f . Note that for a proper core P of
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f , f−1(P ) has the structure of a trivial C∞ F -bundle over P . f−1(∂P ) is regarded
as the restriction of the bundle f−1(P ) to ∂P and for the connected component
C0 of f(S(f)) in the center and the given small C
∞ closed tubular neighborhood
N(C0), it is regarded as a subbundle of the trivial C
∞ bundle f−1(N(C0)) whose
fiber is FC0 satisfying H
1(FC0 ,Z)
∼= H1(FC0 ,Z/2Z)
∼= H2(FC0 ,Z)
∼= {0}. It means
that the 1st Stiefel-Whitney class of the restriction of any C∞ S1-bundle over M
to f−1(∂P ) vanishes and that the Euler class of the restriction of the bundle over
M , which is defined by orienting the obtained bundle, vanishes.
Since Wf is connected, by the arguments above, for any C, the restriction of any
C∞ S1-bundle over M to f−1(∂N(C)) is orientable and the Euler class of the re-
sulting (oriented) bundle vanishes.
Thus this completes the second part of the proof. This completes the proof. 
Example 3. A round fold map f in Proposition 6 satisfies the assumptions of two
statements of Theorem 5 for the case where n = 2 and m− n = m− 2 > 2.
We review Theorem 3 of [10] or Proposition 5 of [12] (see also [9]).
Proposition 12 ([9], [10]). Let M be a closed and connected C∞ manifold of
dimension m, f : M → Rn be a round fold map and m > n ≥ 2. If m − n = 1,
then we also assume that M is orientable.
We assume that f−1(p) is a disjoint union of almost-spheres for each regular value
p and that the indices of all the fold points of f are 0 or 1.
Let L be an axis of f and fL := f |f−1(L). We denote by l1 the number of loops of
the Reeb space WfL of fL (in other words, let H1(WfL)
∼= Zl1). We denote by l2
the number of connected components of the fiber of a point in a proper core of f .
Then there exist W such that ∂W = M and a homotopy equivalence r : W →Wf .
Furthermore, for the inclusion i : M → W , qf = r ◦ i gives an isomorphism
of homotopy groups pik(M) ∼= pik(Wf ) for 0 ≤ k ≤ m − n − 1 and we have the
following list where we denote the free group of rank r by Fr.
(1) When n ≥ 3, m ≥ 2n, f is topologically quasi-trivial and we have the
followings.
pik(M) ∼= pik(Wf ) ∼=
{
Fl1 k = 1
{0} 2 ≤ k < n− 1
pin−1(M) ∼= pin−1(Wf ) ∼=
{
Z l2 = 0
{0} l2 6= 0
(2) When n ≥ 3, n < m ≤ 2n−1 and m−n ≥ 2, f is topologically quasi-trivial
and we have the following.
pik(M) ∼= pik(Wf ) ∼=
{
Fl1 k = 1
{0} 2 ≤ k ≤ m− n− 1
(3) When m ≥ 4 and n = 2, we have the followings.
(a) If f is topologically quasi-trivial and l2 = 0, then we have the following.
pik(M) ∼= pik(Wf ) ∼=
{
Z× Fl1 k = 1
{0} 2 ≤ k ≤ m− 3
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(b) If f is topologically quasi-trivial and l2 6= 0, then we have the following.
pi1(M) ∼= pi1(Wf ) ∼= Fl1
If in Proposition 6 or Example 3, n = 2 and m− n = m− 2 ≥ 3, then pi1(M) ∼=
pi1(Wf ) ∼= {0} and H2(M,Z) ∼= pi2(M) ∼= pi2(Wf ) ∼= Zl hold by Proposition 12
where l is the number appeared in Proposition 6. As a result, H2(M,Z) ∼= Zl
holds. For any class α ∈ H2(M,Z), there exists a closed manifoldM(α) having the
structure of a C∞ oriented S1-bundle over M whose Euler class is α and on M(α)
we have a round fold map into R2 by a P-operation by S1 on the original map.
Example 4. Let M = S2× S3. Any closed manifold M ′ having the structure of a
C∞ orientable S1-bundle over M is represented as a product of a closed manifold
having the structure of a C∞ orientable S1-bundle over S2 and S3. We have a
new round fold map into R2 on M ′ by a P-operation by S1 on a round fold map
f :M → R2 as in Proposition 6 and Example 3.
The family of all the manifolds having the structures of C∞ orientable S1-bundles
overM contains a manifold C∞ diffeomorphic to S3×S3, for example. This gives a
round fold map from S3×S3 into R2 and the map is different from one in Example
6 of [11] or Example 2 of the present paper.
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